Let p ≡ 8 mod 9 be a prime. In this paper we give a sufficient condition such that at least one of p and p 2 is the sum of two rational cubes. This is the first general result on the 8 case of the so-called Sylvester conjecture.
Introduction
For a nonzero integer n, whether n can be written as the sum of two rational cubes is an old and interesting question which dates back at least to Fermat and has attracted many mathematics' interest including Euler and Dirichlet, see [Dic13] . This problem shares many commons with another famous problem in number theory, the congruent number problem. For example, they both have relations to some twisted families of CM elliptic curves. In fact, our problem is equivalent to ask for a nonzero integer n, whether the elliptic curve E n : x 3 + y 3 = n has rational solutions. This is a cubic twist family of E 1 with CM field K = Q( √ −3). Without loss of generality, we can assume n is cube-free. Then it is known that E n (Q) tor is trivial for n > 2. In this case, n can be written as the sum of two rational cubes if and only if rank Z E n (Q) > 0. It is hopeless to find the rules for general integers, but for primes and square of primes, we have the following result and conjecture.
Theorem 1.1 (Pepin, Lucas, Sylvester). Assume p ≡ 2, 5 mod 9 is an odd prime, then both p and p 2 can not be written as the sum of two rational cubes.
Conjecture 1.2. Assume p ≡ 4, 7, 8 mod 9 is a prime, then p and p 2 can be written as the sum of two cubes.
The conjecture 1.2 is usually called Sylvester conjecture but it is in fact indicated by some 3desenct computation of Selmer [Sel51] and first formal proposed by Birch and Stephen in [BS66] based on the BSD conjecture. More explicitly, for prime p, Selmer's result implies rank Z E p (Q) ≤      0, p ≡ 2, 5 mod 9; 1, p ≡ 4, 7, 8 mod 9; 2, p ≡ 1 mod 9. reciprocity law and we denote by σ t the image of t ∈ K × . For an element α of K, we will use α v to denote the embedding of α into K × with the v-place α and all other places 1. We have the following field extension results. In the rest of the paper, ω = (−1 + √ −3)/2 is a third root of unity and p will always be a prime congruent to 8 modulo 9.
Proposition 2.1. Let p ≡ 8 mod 9 be a prime.
For the first assertion, the Galois group
× is cyclic of order 3 and generated by 1 + 3ω 3 . The ideal 7O K = (1 + 3ω)(1 + 3ω 2 ) and let v be the place corresponding to the prime ideal (1 + 3ω). Then by the local-global principle, we have
where ( , ) w denotes the 3-rd Hilbert symbol over K w . Similar to the first assertion, the Galois group
× is cyclic of order 3 and generated by ω 3 . And
is cyclic of order (p + 1)/3. Since K( 3 √ p) is dihedral over Q, by [Cox89, Theorem 9.18], K( 3 √ p) is contained in a ring class field of K. To prove that K( 3 √ p) ⊂ H p , it is enough to prove that
Using the Hilbert symbol, it is clear that (1 + pO K,p ) fixes 3 √ p. Finally, we look at the 3-adic place.
Let O K,3 be the completion of O K at the unique place above 3. Since 1 + 9O K,3 ⊂ (K × 3 ) 3 , it suffices to prove ω 3 and 1 + 3ω 3 fixes 3 √ p since we have
The same is true for σ 1+3ω 3 .
For the third assertion, let µ be a place of H p above 3. Since H p /K is only ramified at p, we know that √ −3 is unramified and Gal(H p,µ /K 3 ) ≃ Gal(k µ /F 3 ) is generated by the Frobenius σ √ −3 under the local Artin map. We have the following commutative diagram
. We see [H p,µ : K 3 ] = 2 and the assertion is clear.
For the fourth assertion, the order of F × p 2 is divided by 3 k . Then x 3 k − 1 splits completely mod p. By the Hensel Lemma, x 3 k − 1 splits completely in K p . The action of σ ζ 3 k ,p on 3 √ p is by the formula of Hilbert symbol.
To summery, we have the following field extension diagram.
Construction of Heegner point
For the convenience, we will use the adelic formulation of [Tia14] [CST17] . For X an algebraic curve defined over Q and F a field extension of Q, we denote by Aut F (X) the group of algebraic automorphisms of X which are defined over F . Let
be the Poincáre upper half plane. The group GL 2 (Q) + acts on H by linear fractional transformations.
Let U 0 (3 5 ) be the open compact subgroup of GL 2 ( Z) consisting of matrices a b c d such that c ≡ 0 mod 3 5 , and let Γ 0 (3 5 ) = GL 2 (Q) + ∩ U 0 (3 5 ). Let X 0 (3 5 ) be the modular curve over Q of 4 level Γ 0 (3 5 ) whose underlying Riemann surface is
Define N to be the normalizer of Γ 0 (3 5 ) in GL + 2 (Q). It follows from [KM88, Theorem 1] that the linear fractional action of N on X 0 (3 5 ) induces an isomorphism
Moreover, all the algebraic automorphisms in Aut Q (X 0 (3 5 )) are defined over K. We identify Aut Q (X 0 (3 5 )) with N/Q × Γ 0 (3 5 ) by linear fractional transformations. By [AL70, Theorem 8], the quotient group N/Q × Γ 0 (3 5 ) ≃ S 3 ⋊ Z/3Z, where S 3 denotes the symmetric group with 3 letters which is generated by the Atkin-Lehner operator W = 0 1 −3 5 0 and the matrix A = 28 1/3 3 4 1 , and the subgroup Z/3Z is generated by the matrix B = 1 0 3 4 1 .
and let X Γ be the modular curve over Q of level Γ whose underlying Riemann surface is
Then X Γ is a smooth projective curve over Q of genus 1 by Riemann-Hurwitz, and X Γ has two cusps Γ\P 1 (Q) = {[∞], [0]}, which are all rational over Q. This gives X Γ the structure of an elliptic curve over Q. The matrices
lie in N Γ the normalizer of Γ in GL + 2 (Q), and hence induce automorphisms Φ(B) and Φ(W ) of X Γ . The matrix W also normalize U 0 (3 5 ), so for any P = [z, g] U ∈ X Γ with g ∈ GL 2 (A f ), Φ(W )(P ) = [z, gW −1 ] which is defined over Q by functoriality of the canonical models of Shimura variety. However B does not normalize U 0 (3 5 ). But for P = [z, γ] U ∈ X Γ with γ ∈ GL 2 (Q) + , the action of Φ(B) can still be written as Φ(B)(P ) = [z, γB −1 ]. But this time we can not conlude it is defined over Q. In fact, it is defined over K.
For any n, E n is 3-isogeny to E n : y 2 = x 3 + 16n 2 . In particular, E 3 is 3-isogeny to the optimal elliptic curve E 3 which is the only one of conductor 3 5 and modular degree 9. From this we can see X Γ ∼ = E 3 as ellipitic curves, since the quotient map X 0 (243) → X Γ also has degree 9. We have the explicit modular parametrization
To see this. The eta-quotient in the formula is a modular function on X 0 (243) by the Ligozat criterion [Lig70] and invariant under the action of A and C by the transformation properties of the eta functions. Then we can get the result by comparing the leading term and the constant term of y(z) with the computing result of the modular parametrization on the computer, since both of them are meromorphic functions on X 0 (243) with poles only on ∞.
Proposition 3.1.
1. Through the modular parameterization ψ, X Γ can be identified with E 3 such that [∞] = O and the cusp [0] has coordinates (0, −12).
We have an embedding
In particular, the automorphisms Φ(B) is defined over K. Let p ≡ 8 mod 9 be a prime. Let ρ : K → M 2 (Q) be the normalised embedding with fixed point τ = pω/(9 √ −3) ∈ H, i.e. we have
, for any t ∈ K.
Note that
Then the embedding ρ : K → M 2 (Q) is explicitly given by
Let σ : K × → Gal(K ab /K) be the Artin reciprocity law and we denote by σ t the image of t ∈ K × . Let P 0 = [τ, 1] be the CM point on X Γ and P τ = ψ(P 0 ) its image on E 3 . Proof. By Shimura's reciprocity law [Shi94, Theorems 6.31 and 6.38], we have
Since K × ∩ U = O 9p × by (3.2), we see P 0 is defined over the ring class field H 9p , and the Galois actions σ 1+3ω 3 and σ ω 3 are clear from the following computations and Proposition 3.1
where the subscript 3 denotes the 3-adic component of the adelic matrices. the isomorphism between E 3 and E 1 which is defined over Q( 3 √ 3).
Proof. This is by Theorem 3.2 and Proposition 2.1. 6 We define our Heegner point to be
Then φ(z) ∈ E 3 (L (p) ). Here L (3,p) = K( 3 √ 3, 3 √ p) and L (p) = K( 3 √ p).
Reduction of Heegner points
Recall we have the modular parametrization (3.1). Write 
The reduction mod p also implies that f (9τ ) = 3ωu for some real unit u. 
. They are all primitive 3-torsion points. In this subsection we prove φ(P τ ) belongs to the same singular component for any ℘ above 3 under some assumptions.
Proof. Assume φ(P τ ) = (x 1 , y 1 ), then
by the assumaption. As a result,
and φ(P τ ) mod ℘ is singular for any ℘| √ −3. We prove that φ(P τ ) + S is always singular modulo ℘. Let φ(P τ ) + S = (x 2 , y 2 ), then by the addition formula, (4.4)
By the equation of E 1 , we have
which is equivalent to (we have seen x 1 = −4 by (4.1))
Then we have Proof. Recall that f (9τ ) = 3ωu for some real unit u. Then 3 5 |(f (9τ ) 3 −27) is equivalent to 9|(u 3 −1) and 9|( η(9τ ) 4 η(27τ ) 4 − 3ω) is equivalent to 3|(u − 1). Note that (4.5)
Hence 3|(u − 1) obeviously implies 9|(u 3 − 1). Conversely, if 9|(u 3 − 1) then for any ℘| √ −3, we have ℘|(u − 1) by (4.5). So √ −3|(u − 1). But u − 1 ∈ H p is a real number and H p = K(j(9τ )) with j(9τ ) ∈ R by CM theory (see [Lan87, Page 133, Remark 1]). This forces 3|(u − 1) and completes the proof. Proof. f (z) 3 is the Hauptmodul of Γ 0 (3) and it satisfies the modular equation [Mor07, Table 1 ]:
27 .
Since f (9τ ) 3 3 + 1 3 ≡ 1 mod 9 (Recall that f (9τ ) = 3ωu), 3 5 |(f (9τ ) 3 −27) if and only j(27τ ) 27 −200 ≡ 0 mod 9, i.e., j(27τ ) − 5400 ≡ 0 mod 3 5 . Note that j( √ −3) = 5400, we finish the proof.
Singular moduli.
In this subsection we prove the congruence we need using Gross-Zagier's theory of singular moduli [GZ85] and its generalization by Lauter and Viray [LV15] . First of all, let us recall some setting in [GZ85] and [LV15] . Let d 1 = −3p 2 and d 2 = −3 · 2 2 be the discriminants of the imaginary quadratic points 27τ and √ −3 respectively. For i = 1, 2, by [ST68] (see also [LV15, Page 9213]), there exists a number field L which is only ramified at p and 2 over K, such that, for every prime q and every SL 2 (Z) equivalent class [τ i ] of discriminant d i , there exists an elliptic curve E(τ i )/O L with good reduction at all primes above q and j(E(τ i )) = j(τ i ). Fix a rational prime ℓ and a prime µ of O L above ℓ. Let A be the ring of integers of L unr µ the maximal unramified extension of L µ . By [GZ85, Proposition 2.3], we have
Proof. Note j( √ −3) = 2 4 3 3 5 3 , the result about primes 2 and 5 is just [GZ85, Corollary 2.5]. Now we focus on the prime 3. Let ℓ = 3 and µ a prime of L above 3. Since, the class number of O d 2 is one, we denote E ′ = E( √ −3) in the proof. For n, m ∈ Z such that n > 0, m ≥ 0 and any elliptic curve E/A with CM by O d 1 and with good reduction, define (see [LV15] for the unexplained definitions) [LV15] ). In particular, we have for any τ 1 (4.8)
The number 6 is due to the Proof of Proposition 2.3 in [GZ85] in the l = 3 case. In the rest part of the proof we will show that ♯S 3 (E(τ 1 )/A) = ♯S 1 (E(τ 1 )/A) = 6. From this and (4.6), we can deduce Here · · is the Kronecker symbol. It is known that S 3 (E(τ 1 )/A) ⊂ S 1 (E(τ 1 )/A) for any τ 1 . In order to prove ♯S 3 (E(τ 1 )/A) = ♯S 1 (E(τ 1 )/A), we just need to prove that (4.11)
By (4.8) and Proposition 2.1(3), we have that
By (4.7), (4.9) and (4.10), we see that
♯S 3,9p 2 ((E(τ 1 )/A)).
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Proposition 4.5 below shows that S 3,9p 2 ((E(τ 1 )/A)) = ∅ and (4.11) is true. This finishes the proof of the theorem.
Remark 4.1. In fact, one can show that S 1,m ((E(τ 1 )/A)) = S 3,m ((E(τ 1 )/A)) if m = 9p 2 using the condition m = 36p 2 −x 2 4 and (4.9)-(4.10) since 3| 36p 2 −x 2 4 if and only if 3 3 | 36p 2 −x 2 4 . So we also have S 1,9p 2 ((E(τ 1 )/A)) = ∅.
Proposition 4.5. Let p ≡ 8 mod 9 be a prime, then
Proof. The identity can be rewritten as
because for x = 0 the inner sum is 1 − 1 + 1 = 1. Writing x = 2c, the identity becomes
The inner sum counts the number of integral representations p 2 − 4c 2 = a 2 + ab + b 2 divided by 6, hence the identity is equivalent to the statement that the number of integral representations of p 2 by the quadratic form a 2 + ab + b 2 + 4c 2 equals 6(p + 2). We shall verify this by Siegel's mass formula in [Sie35] As the class of a 2 + ab + b 2 + 4c 2 is alone in its genus, the number of representations of p 2 can be calculated as a product of local densities:
By Hilfssatz 26 and (71) and the line below (59) in [Sie35] ,
By Hilfssatz 13 in [Sie35] , α 2 = 3 2 and α 3 = 4 3 .
By Hilfssatz 16 in [Sie35] , α p = 1 − p −2 1 + p −1 1 + p −1 = (1 − p −1 )(1 + 2p −1 ). (1 + ε(q)q −1 ), where ε denotes the nontrivial quadratic character modulo 3. Therefore, r(p 2 ) = (p + 2) 8π √ 3 q =3 (1 + ε(q)q −1 ).
We can identify the product over q = 3 as q =3
(1 + ε(q)q −1 ) = q =3 1 − q −2 1 − ε(q)q −1 = 9 8 · 6 π 2 L(1, ε) = 3 √ 3 4π , hence in the end r(p 2 ) = (p + 2) 8π √ 3 · 3 √ 3 4π = 6(p + 2).
The proof is complete.
The proof of the above proposition is communicated to the author by 'GH from MO' through mathoverflow, see [fM] . For the convenience of the reader, we paste it here. In the appendix, we will give another proof communicated to the author by D. Zagier. Now we can get the following reduction result from the discussion in Section 4.1 and Theorem 4.4.
Corollary 4.6. φ(P τ ) − S mod ℘ is nonsingular for any prime ℘ above √ −3 of H p .
Nontriviality of Heegner points
Recall our Heegner point is
be the reduction point of P τ mod p. Mapping R τ + (0, 12) to E 9 through the isomorphism φ 1 : E 3 : y 2 = x 3 + 16 · 3 2 → E 9 : y 2 = x 3 + 16 · 9 2 , (x, y) → ( 3 √ 9x, 3y), we get R ′ τ = (−12, −12 √ −3) which is the generator of E 9 (K) over K. Under the isomorphism φ 2 : E 9 : y 2 = x 3 + 16 · 9 2 → E ′ 9 : y 2 + y = x 3 − 1,
